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ABSTRACT 
A T-ideal of k(X) is symmetric provided that it is closed under the operation of 
reversing the order of the indeterminates in all the monomials of a polynomial. In this 
article symmetric T-ideals are studied and a characterization of finitely generated 
symmetric T-ideals is given. Many examples of symmetric ideals are provided, 
including the T-ideal of identities and the ideal of weak identities of n X n matrices, 
and also the T-ideal of identities of upper triangular n X n matrices. 
1. INTRODUCTION 
Throughout this article k will denote a field of characteristic 0, and 
k(x,, x0,... ) = k(X) the free associative algebra over k. If p is a monomial 
in k(X), then p = x,,xi,, ... x,&, where i, ,..., i, need not be distinct. We 
define the transpose of pt CL’, via pcLI = xi, . . xngxi,. We extend this notion to 
k ( X ) by k-linearity. Of course t : k ( X ) + ti( X ) is the unique k-linear 
involution of k(X) which fixes the generators x,. A k-submodule of k(X) is 
symmetric if it is closed under the transpose operator. 
Let V,, be the k-submodule of k(X) generated by the n! multilinear 
monomials of degree n in x,, . . . , x,. Razmyslov [5] defined operators A,, 
1 < i < n, 011 V,, by 
Ai(axib) = bx,a, 
where ax, b is a monomial in V,,. Latyshev [3] defines a T-ideal B of k( X ) to 
be stable if B n V,, is closed under the operators Ai for all n and all i with 
1 < i < n. He also finds a condition on finitely generated T-ideals of k(X) 
which guarantees stability. 
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In Section 2 several common examples of symmetric ideals are given. 
These include the ideal of identities of any PI-algebra with involution, the 
ideal of weak identities of M,(k), and the ideal of identities of upper 
triangular n x n matrices. An example of a T-ideal which is not symmetric is 
also provided. In Section 3 a necessary and sufficient condition for a finitely 
generated T-ideal of k(X) to be symmetric is given. With this criterion 
several other T-ideals are shown to be symmetric. 
2. EXAMPLES 
PROPOSITION 1. Let R0 denote the opposite algebra of the PI-algebra R. 
Zf R0 z R then the ideal of identities of R is symmetric. 
Proof. Let T(R), T( RO) denote the T-ideals of identities of R, R” respec- 
tively. It is clear that an identity of R” is the transpose of an identity of R 
and vice versa. Thus T(R”) = T(R)‘. Since R z RO, we have T(R) = T(R”) = 
T(R)‘. n 
We are now in a position to provide some examples, 
EXAMPLE A. By Proposition 1, if R is a PI-algebra with involution, then 
the ideal of identities of R is symmetric. In particular the ideal of identities of 
M,(k) form a symmetric T-ideal. 
EXAMPLE B. A polynomial f E k(X) is a weak identity of M,(k) if f 
vanishes upon substitution of elements of sl,( k), the subspace of M,(k) of 
matrices with trace 0. For A E M,(k) let AT denote the usual transpose of A. 
Let W denote the ideal of weak identities of M,(k). Then 
fez w - f(sl,...,sn)=o vs,,...,s,-l.(k) 
=+ (f(s, ,..., sn))T=o v's, ,..., s,Esl,(k) 
- f’(s; ,..., s;)=O Vs, ,..., s,~sl,(k) 
=a f’(s, ,..., s,)=O V’s, ,..., s,~sl,(k) 
Therefore the ideal of weak identities of M,(k) is symmetric. 
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EXAMPLE C. Let R be any PI-algebra whose T-ideal T(R) of identities is 
symmetric. Then the subspace A of k(X) of central identities (central 
polynomials together with identities) is symmetric. For 
fcA =a xf-jsT(R) 
=) bf-NET(R) 
=a fCxf%T(R) 
=$ f’EA. 
In particular the subspace of k (X ) o central identities of M,(k) is symmet- f 
ric. 
EXAMPLE D. In general the product of symmetric T-ideals need not be 
symmetric. However, if A is a symmetric T-ideal, it is clear that A” is also 
symmetric for all positive integers n. It follows that the ideal of identities of 
upper triangular n X n matrices is symmetric, since Maltsev [4] has shown 
that this T-ideal equals [k(X), k(X)]“. 
We now show that not all T-ideals are symmetric. As usual, S, denotes the 
standard polynomial of degree 4. 
PROPOSITION 2. The T-ideal generated by f = [x1, x,]S,(x,, x4, x5, x6) is 
not s ymmtric. 
Proof. Let A be the T-ideal generated by f. Since f Irzzl = 0 for 
i=l , . . . ,6, it follows that A n V, equals the Ss-submodule of V, generated by 
f. It is now apparent from well-known properties of standard polynomials and 
elementary considerations that 
[AnV,:k]=(;)=lS 
Note that ff = - S,(x,, x4, x5, x,)[x,, x2]. We show that f t 4 A. Otherwise 
$(X3? Xq, x5, X,)[X,, X21 =E.f5_lai[Xi,, xi21s4(xi3> ri49 ri,> xi,). Setting X = ri 
= x3, y = x2 = x4, we find that for some M E k 
S,b, ~9x5, x,>[x, Y] = Mb> yh(x, Y, ~5, x,), 
which is clearly impossible. n 
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The author is indebted to E. Formanek for pointing out that an alternative 
proof of Proposition 2 may be given by considering the subalgebra R of 
MJ k) consisting of matrices of the form 
By use of block multiplication and by applying the Amitsur-Levitski theorem 
it is straightforward to show that R satisfies S,(x,, x4, x,~, xs)[xr, x2] but not 
[Xi, xzlS,(x,, x4, x5, qj). 
3. CLASSIFICATION 
In this section we find necessary and sufficient conditions for a finitely 
generated T-ideal to be symmetric. If f E k(X), then T(f) denotes the 
T-ideal generated by f. Also, V, =U~=OV,,. It is assumed that the linear 
operators below are defined on the largest k-submodule of V, for which the 
image is contained in V,. 
Let p be a monomial in V,. Then we define L,, Rj via Li(p) = rip, 
R j( p) = px j. Also, if p E V,, the substitution operator Si [ p] is defined by 
Finally, if e E S,, then u acts in the usual way on p by permuting indices. All 
these operators are now defined by k-linearity. 
LEMMAS. Let Li, Ri, Ai, si, t be as above. The following relations hold: 
(1) tL, = R&; Lit = tRi. 
(2) ts,[l] = &[1]t. 
(3) ta = at. 
(4) tA, = Ait. 
(5) A,L,A, = Si[xixj]; A,R,A, = Si[xjxi], i # j. 
(6) tSi[xixj] = Si[xjxi]t. 
(7) Si[zj] = Si[l]Si[x,rj] = S,[l]A,L,A,. 
Proof Relations (4) and (5) are easy to verify by looking at appropriate 
monomials of V,. The remaining relations are obvious. W 
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LEMMAS. Let f E V, be such that both f, f t belong to the T-ideal A. Zf 
g E V, such that g can be obtained from f by application of a sequence of 
the operators Li, Rj, S,[l], Si[xixj], Si[xjxi], then g’ E A. 
Proof. The lemma follows by induction on the least number of operators 
required to obtain g from f and use of (1) (2), (6) of Lemma 3. n 
THEOREM 5. Let A be the T-ideal of k(X) generated by f. Then A is 
symmetric if and only if f t E A. 
Proof. We need only show that if f t E A then A is symmetric. Since k 
has characteristic 0, the homogeneous components of both f and f t belong 
to A. For any homogeneous polynomial h it is clear that 
h’ E A Q lin(ht)= (lin(h))‘E A. 
Choose g E A. We show that gt E A. Since k has characteristic 0, the 
homogeneous components of g belong to A, and it is clear that we may 
assume that g itself is homogeneous. Therefore 
g’ E A e (lin(g))t E A. 
Since lint g ) E A and A is the T-ideal generated by f, it follows that lin( g ) 
is a k-linear combination of polynomials of the form 
where u, vi,. . . , v,, w are certain monomials of V, or 1 and the f; are the 
linearizations of the distinct homogeneous components of f. It is easy to see 
that each u$(v,,..._ v,,) w can be obtained from $(x1,. . . , x,) by application 
of a sequence of the operators Li, Rj, S,[l], Si[xixj], and Si[xjxi]. By 
Lemma 4 we have that (lin(g))’ E A and so g’ E A. W 
COROLLARY 6. The following T-ideals are symmetric: 
(1) The T-ideal generated by $(x1,..., x,,). 
(2) The T-ideal generated by any higher commutator. 
(3) The ideal of identities of the Grassman algebra. 
(4) The T-ideals generated by f f f’ or ff” for f E k(X). 
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Proof. For (1) it is easy to show that 
Similarly for (2) note that 
For (3) we quote the theorem of Latyshev [2] or Kraskowski and Regav [l], 
which states that the ideal of identities of the Grassman algebra is generated 
by [r, [y, z]], and then apply (2). Finally, (4) is obvious, since in general 
(fgY = g’f’ for f, g E k(X). 1 
By a multilinear ideal of k(X) we mean a k-submodule of V, which is 
closed under the operators Li, Rj when defined. Similarly a multilinear 
T-ideal of k(X) is a multilinear ideal which is closed under the substitution 
operators Si [/I] when defined. For example, if f E k (X ), then T(f) CI V, is a 
multilinear T-ideal which consists of the multilinear consequences of jY 
THEOREM 7. Let f E V,,. Then if g E T( f )n V,, then g is a k-linear 
combination of polynomials each of which can be obtained from f by 
application of the operators Li, Rj, A,, S,[l]. 
Proof. Choose g E T( f )n V,. As in the proof of Theorem 5, we may 
write g as a k-linear combination of polynomials of the form 
uf(v,,...J+ 
where uoi . . . V,W is a monomial in V,. Such a polynomial can be obtained 
from f(x,, . . . , x,) by applying some sequence of the operators 
S,[I], Si[xj], Si[xixj], Si[rjxi], Li, Rj. The result now follows by Lemma 3 
(5) (7). n 
COROLLARY 8. Let A be a multilinear ideal of k (X). If A is stable and 
closed under substitution of elements of k, then A is a multilinear T-ideal. 
Proof. Let f E A, and let g be a multilinear consequence of f. It 
suffices to show that g E A. Since A is closed under Si[O], the homogeneous 
components of f also belong to A. Therefore we may assume that f E V,. 
Since A is stable, the result now follows from Theorem 7. n 
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